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An active cloak consists of a set of discrete multipole sources distributed in space. When
the source positions and amplitudes are carefully specified the active field destructively
interferes with an incident time harmonic wave so as to nullify the total field in some
finite domain and ensure that in the far field only the incident wave is present, i.e. the
coefficients explicitly in the context of flexural waves in thin plates. The work is carried
out in the context of Kirchhoff plate theory, using the Rayleigh–Green theorem to derive
the unique source amplitudes for a given incident flexural wave.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).1. Introduction
Controlling and limiting the vibration of thin plates has a multitude of applications in structural acoustics. It is a subject
that has received great attention in the literature where a variety of techniques have been proposed to reduce the level of
structural vibration and noise. See for example [1], the text by Fuller et al. [2] and for an early example see e.g. Olson [3]. A
closely related topic that has emerged over the last decade is that of cloaking, the effect of causing a region to be unseen by
incoming waves in the sense that the scattering is zero in all directions, see [4] for a review. Two principal techniques have
been proposed: passive and active. Passive cloaking [5–7] requires complex metamaterials in order to guide waves around
some volume of space, or around a region in a plate. Passive cloaking methods have been successfully developed and
demonstrated for flexural waves in thin plates. Thus, Stenger et al. [8] adapted the design proposed in [9] to make a free-
space flexural wave cloak in a thin PVC plate. The flexural wave cloak was demonstrated at acoustic frequencies, and
exhibited the largest measured relative bandwidth (more than one octave) of reported free-space acoustic cloaks.
In contrast to passive methods, active cloaking uses sources of sound to achieve wave cancellation. It does not involve or
call for unusual materials or structural modifications. Active cloaking does however require knowledge of the incident field
in order to activate wave sources that nullify the total field in a given region. Importantly the sources must be non-radiating.
Miller [10] first proposed the notion of actively cloaking a region by measuring particle motion near the surface of the
cloaked zone while simultaneously exciting surface sources where each source amplitude depends on the measurements at all
sensing points. Complete suppression of sound in a finite volume in an unbounded domain can be achieved using a continuous
distribution of monopoles and dipoles with source amplitudes given by the Kirchhoff–Helmholtz integral formula [11]. The
main disadvantage of solutions based on the Kirchhoff–Helmholtz integral is the difficulty of realizing in practice acoustically
transparent sensor and actuator surfaces. It would be better to replace the surfaces by finite sets of discrete sensors andier Ltd. This is an open access article under the CC BY license
. Futhazar), william.parnell@manchester.ac.uk (W.J. Parnell), norris@rutgers.edu (A.N. Norris).
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the incident field and the source amplitudes. A solution to this problem was provided by Guevara Vasquez et al. [12–14] who
showed that cloaking can be realized using as few as three active sources in 2D and four in 3D, a remarkable result. In [12,13]
algebraic systems were solved numerically to determine the required active source coefficients. Recently however explicit
forms for the source amplitudes in terms of the incident wave were derived in the contexts of scalar Helmholtz [15] and
elastodynamics [16], both in two dimensions. The sources required in these solutions are multipoles, and full cloaking needs
multipoles of all order. Such infinite multipole expansions are divergent, a point that was noted in the anti-sound community
[11, pp. 262–4]. In practice, the infinite series is truncated, which limits accuracy but numerical simulations indicate that only a
small number of multipoles may be required [15]. Despite such limitations, these results provide a rigorous basis for
subsequent approximation. Other approaches to active cloaking have been suggested; for instance, Bobrovnitskii [17]
described an active impedance-matching solution to making an object acoustically transparent, and also summarized earlier
relevant work by Malyuzhinets. Bobrovnitskii later proposed acoustic cloaking using a non-local impedance coating, called
coatings with extended reaction (CER) [18].
Active cloaking is closely related to active noise control and anti-sound, the notion of which appears to have been
considered first in a patent published in 1936 by Paul Lueg [19]. The focus of anti-sound or anti-vibration is to reduce the
magnitude of a radiating field or to create so-called quiet zones in enclosed domains such as aircraft cabins using simple
sources, see e.g. [20] for an overview. Typically a continuous distribution of monopoles and dipoles is employed as described
in [2,11], although in practice only a finite number can be used. The difficulty in going from the former to the latter has been
discussed many times, see e.g. [21]. No conditions are placed on the active field other than that it must nullify some field
over a finite domain and in particular it is permitted to radiate into the far field. This is in contrast to active cloaking
described here where the active field must not radiate. Relatively little work in the anti-sound community has focused on
the exact shape of the quiet zone with the exception of [22] who calculated numerically the zone of silence (o10 dB) region
created when the amplitude of a single secondary source was chosen to reduce noise due to a single primary source.
The purpose of this paper is to develop exact solutions for active cloaking of flexural waves in plates. The present work
adapts the method employed in [15,16] to achieve active cloaking in thin plates of uniform thickness and of infinite extent.
The problem is considered in the context of the Kirchhoff plate theory, an approximate theory requiring that the plate
thickness h is small compared to other characteristic length scales, but not so thin that the lateral deflection of the plate is
comparable to h. Kirchhoff theory is notable in that shear energy is neglected and there is uncoupled membrane-bending
action. Improvements to the theory can, of course, be considered but the Kirchhoff theory is extremely accurate in many
physical applications in structural acoustics. The analysis presented here was first detailed in the PhD thesis of Futhazar [23].
A procedure for active cloaking in flexural plates proposed by [24] differs significantly from the present work in that the
authors choose a fixed number of active sources and then determine the monopole coefficients required to nullify a certain
number of modal amplitudes from the scattered field. The method developed here is precise in principle, relying on the use
of multipoles with amplitude uniquely and directly specified by the incident wave field.
The outline of the paper is as follows. Section 2 begins with an overview of the problem to be discussed and a brief
review of Kirchhoff plate theory. The relevant integral relation is derived in Section 3, fromwhich the main results regarding
the explicit form of the source amplitudes and cloaked domain are shown to follow. General forms for the coefficients are
derived and specific results derived for plane wave and point source incidence follow. In Section 4 necessary and sufficient
conditions on the source coefficients are derived in order to ensure active cloaking. Numerical results to illustrate the
implementation of the procedure for plane wave incidence follow in Section 5.
2. Kirchhoff thin plate theory and problem overview
With reference to Fig. 1, the aim is to control the vibration of thin plates viaM idealized point sources and in particular to
nullify an incident field in some finite region C. The domain C is usually close to the source locations and in addition, unlike
the case of anti-vibration, the aim is to ensure that the active field is non-radiating so that no evidence exists of its presence.
If this can be achieved an active cloak has been constructed. In this paper the assumption is that vibrations are small enoughFig. 1. An incident flexural wave is illustrated propagating in a thin plate that is unbounded in the x1x2 plane. The aim of active cloaking in this context is to
nullify the total flexural vibration of the plate in some finite region C by employing active sources, s1s4 here, whilst simultaneously ensuring that the
radiated field due to the active sources is zero.
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itself does not cause scattering of any incident field. The Kirchhoff theory will first be summarized before explicit forms for
the amplitudes of the multipole active cloak are derived.
2.1. Kirchhoff thin plate theory
As depicted in Fig. 1 consider a thin plate that is unbounded in the x1x2 plane. Its thickness is h and is considered small
compared to other length scales of the problem but large compared to the amplitude of the flexural vibration. As such, Kirchhoff
theory is appropriate to accurately describe its deformation [25]. The plate properties are density ρ and flexural rigidity
D¼ Eh3=ð12ð1ν2ÞÞwhere E and ν are Young's modulus and Poisson's ratio. The axes x1 and x2 of the Cartesian reference system
ðO; x1; x2; x3Þ lie on the middle plane of the plate whereas x3 is the out-of-plane (vertical) coordinate. The out-of-plane
displacement is denoted Wðx; tÞ where x is defined as x¼ ðx1; x2Þ. The equation of motion governing the flexural deflection is
D∇2∇2Wþρh∂
2W
∂t2
¼ f (1)
where f is the applied loading (force per unit area). Assume time harmonic behaviour, Wðx; tÞ ¼ RefwðxÞe iωtg where ω is the
angular frequency so that
Dð∇2∇2k4Þw¼Dð∇2þk2Þð∇2k2Þw¼ f (2)
where the wavenumber k is defined by k4 ¼ω2ρh=D. The total field will be partitioned as
wðxÞ ¼ ~wðxÞþwdðxÞ (3)
where ~w is the specified incident field and wd is the non-radiating active field. In the next section the problem is formulated in
detail and appropriate expansions of the wave fields ~w and wd are specified. In the section to follow the desired amplitudes of
the various modes in the expansions associated with the active field are then derived exactly using the Rayleigh–Green theorem
and thus the active cloak is constructed.
2.2. An overview of the active cloaking problem
The active cloaking system considered here consists of an array of M point-like multipole sources located at positions
xmAR2 for mAf1;…;Mg. The amplitude of the individual active sources is required to be of a form such that the incident
field is nullified by destructive interference in some finite domain C. Defects and inhomogeneities in the region C therefore
do not scatter and are undetectable by an incoming wave. The total active field wd must also be non-radiating. The active
sources are in the exterior region with respect to C and this type of cloaking is therefore termed active exterior cloaking.
As identified previously [15,16], the advantages of this cloaking mechanism are thatFig
das
vecthe cloaked region is not completely surrounded by a single cloaking device,
 a small number of active sources are required,
 the procedure works in principle for broadband input sources,
 the cloaking effect is independent of the location of the scatterer or scatterers in the cloaked region.. 2. Insonification of the actively cloaked region C generated by M active sources at xm , mAf1;…;Mg. The region R is defined as the exterior to the
hed circular arcs ∂Di ; i¼ 1;2;…;M. The incident field in this case is a plane wave vector k in the direction ψ. Here aðiÞm ¼ ame^ðθðiÞm Þ where e^ðθÞ is a unit
tor subtended at an angle θ from the horizontal.
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A disadvantage of this approach is that the active field may become uncontrollably large in the vicinity of the (point)
field would be significantly reduced. It must also be stressed that the incident field must be known. Nevertheless it is
emphasized that all that is required is an expansion of the incident field in the same basis as the active field, to be specified
shortly in (4).
The technique is illustrated in Fig. 2 where C depicts the cloaked zone generated by M active sources. It is shown in Section 3.2
that the boundary of C is the closed union of the M circular arcs fam;θð1Þm ;θð2Þm g related to the sources at xm. Circular arcs arise as a
consequence of Graf's addition theorem. In the general case am;θ
ð1Þ
m and θ
ð2Þ
m are distinct for different values ofm. Fig. 2 illustrates the
problem in the context of plane-wave incidence but expressions for source coefficients will be derived for arbitrary incident fields.
The total wave field w is expressed in the form (3) where the incident and M source fields can be sought in terms of a
complete expansion of separable solutions of the governing equation (2) in an appropriate coordinate system. Here it is
convenient to use cylindrical coordinates and write
~wðxÞ ¼
X1
n ¼ 1
AnU
þ
n ðxÞþAnU þn ðxÞ
 
; (4)
wdðxÞ ¼
XM
m ¼ 1
X1
n ¼ 1
Bm;nV
þ
n ðxxmÞþBm;nVþn ðxxmÞ
 
; (5)
with
U7n zð Þ ¼ JnðkjzjÞe7 in arg z; U7n zð Þ ¼ InðkjzjÞe7 in arg z;
V7n zð Þ ¼Hð1Þn ðkjzjÞe7 in arg z; V7n zð Þ ¼
2i
π
KnðkjzjÞe7 in arg z (6)
and where Hð1Þn ðjzjÞ ¼ JnðjzjÞþ iYnðjzjÞ is the Hankel function of the first kind and nth order, InðjzjÞ ¼ inJnðijzjÞ and
2KnðjzjÞ ¼ πinþ1Hð1Þn ðijzjÞ. Note that this choice ensures that the incident field is indeed incoming from the far field whereas
the active source fields are radiating away from their location. Un and Vn are propagating modes whereas Un and Vn are
evanescent. The factor 2i=π used in V7n merely ensures that subsequent algebra is cleaner. Here arg zA ½0;2πÞ and
argðzÞ ¼ arg z7πA ½0;2πÞ. Define
U7 0n ðzÞ ¼ J0nðkjzjÞe7 in arg z; U7 0n ðzÞ ¼ I0nðkjzjÞe7 in arg z (7)
and note the properties
U7n ðzÞ ¼ ð1ÞnU7n ðzÞ; U7n ðzÞ ¼ ð1ÞnU7n ðzÞ;
V7n ðzÞ ¼ ð1ÞnV7n ðzÞ; V7n ðzÞ ¼ ð1ÞnV7n ðzÞ: (8)
In what follows Graf's addition theorems [26] are required, which are stated as
V þℓ ðyxÞ ¼
X1
n ¼ 1
V þn ðyÞUnℓðxÞ; jyj4 jxj;
Uþn ðyÞV nℓðxÞ; jyjo jxj;
(
(9)
Vþℓ ðyxÞ ¼
X1
n ¼ 1
Vþn ðyÞU nℓðxÞ; jyj4 jxj;
ð1ÞℓU þn ðyÞVnℓðxÞ; jyjo jxj:
(
(10)
The active source problem is now to determine the coefficients Bm;n and Bm;n of (5) such that wðxÞ ¼ 0 for xAC, where our
calculations should also permit the determination of C for a given distribution of source locations (MZ3).3. Active cloaking
3.1. Integral equation formulation of the problem
All tensors arising in the following are defined with respect to the Cartesian basis introduced above. In order to
determine the required source coefficients and the form of C the Rayleigh–Green theorem will be used so as to write down
the form of the wave field in terms of an integral over the boundary of C. As shall be shown shortly this form will be
expressed in terms of various physical terms. In particular introduce the stress tensor σij ¼ Cijklw;klðxÞ where
Cijkl ¼D 1νð Þδijδklþ12Dν δikδjlþδilδjk
 
and f ;j denotes the derivative of f with respect to xj. The thickness averaged moment
and shear components of the forces are then defined in terms of the stress as
mijðxÞ ¼
Z h=2
h=2
σijðx; x3Þx3 dx3 ¼ D½ð1νÞw;ijþνδij∇2w; (11)
Fig. 3. A configuration of M¼4 sources and a region D in which the integral identity (15) holds.
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Z h=2
h=2
σi3ðx; x3Þ dx3 ¼mij;jðxÞ ¼ D∇2w;i: (12)
Summation over repeated indices is implied throughout unless otherwise stated.
Green's function associated with Eq. (2) satisfies the radiation condition and the governing partial differential equation
Dð∇2∇2k4ÞGðx; yÞ ¼ δðxyÞ (13)
and is easily shown to be
G xyð Þ ¼ γ V0ðxyÞþV0ðxyÞð Þ with γ ¼ i
8k2D
: (14)
With reference to Fig. 3 consider a region D chosen so that it contains no sources. Explicit forms of the active source
amplitudes will be determined together with the subset of D that ensures cloaking. This region, already introduced as C, is
depicted in Fig. 2. By assumption w satisfies (2) in D and therefore the Rayleigh–Green theorem [27] is invoked in order to
write
wðxÞ ¼
Z
∂D
qðyÞGðyxÞQ ðyÞwðyÞ½  dSþ
Z
∂D
w;iðyÞMijðyxÞG;iðyxÞmijðyÞ
 
nj dS: (15)
Here ∂D is the boundary of D as depicted in Fig. 3. It is the union of the arcs ∂Dm (note the difference between these and the
arcs ∂D defined in Fig. 2). The vector n is the normal exterior to ∂D and q¼ qini. Derivatives on the terms associated with
Green's function are associated with y. The moment and shear forces associated with Green's function have also been
defined as
Mij y−xð Þ ¼ D 1νð ÞG;ij yxð Þþν∂ij∇2yG yxð Þ
h i
; Qi y−xð Þ ¼−D∇2yG;i y−xð Þ (16)
where derivatives here are also defined with respect to y. Finally note that Q ¼Qini. Next introduce the following identities:
w;iMijnj ¼ϕNMNþϕTMT ;G;imijnj ¼ΦNmNþΦTmT (17)
where mN ¼mijninj;MN ¼Mijninj are the normal moments, mT ¼mijnitj;MT ¼Mijnitj are the twisting moments (tj is the jth
component of the tangent t to ∂D), ϕN ¼w;ini;ΦN ¼ G;ini and ϕT ¼w;iti;ΦT ¼ G;iti. These allow the integral equation (15) to
be simplified into the form
wðxÞ ¼
Z
∂D
qðyÞGðyxÞQ ðyxÞwðyÞ½ þϕT ðyÞMT ðyxÞΦT ðyxÞmT ðyÞþϕNðyÞMNðyxÞΦNðyxÞmNðyÞ

dS: (18)
Physically this is a clean separation of three contributions to the field associated with shear forces, twisting moments and
normal moments. Expression (18) can be employed for w;wd and ~w since each satisfies the governing equation. The cloaked
region C is that part of D in which the total field w¼ ~wþwd ¼ 0 so that
wdðxÞ ¼  ~wðxÞ ¼ 
Z
∂C
~qðyÞGðyxÞQ ðyÞ ~wðyÞ½ þ ~ϕT ðyÞMT ðyxÞΦT ðyxÞ ~mT ðyÞþ ~ϕNðyÞMNðyxÞΦNðyxÞ ~mNðyÞ dS;
(19)
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wdðxÞþ
Z
∂C
~qðyÞGðyxÞQ ðyxÞ ~wðyÞ dSþ
Z
∂C
~ϕT ðyÞMT ðyxÞΦT ðyxÞ ~mT ðyÞ dS
þ
Z
∂C
~ϕNðyÞMNðyxÞΦNðyxÞ ~mNðyÞ dS¼ 0 (20)
which relates the active field wd to the three contributions of the incident field associated with shear force, twisting
moments and normal moments. As such (20) is conveniently written in the form
wdðxÞþ ISðxÞþ IT ðxÞþ INðxÞ ¼ 0 (21)
with the subscripts on IS, IT and IN referring to shear, twist and normal respectively.
Recalling the form of wd from (5) and motivated by the separation of the incident field into terms associated with shear
force, twisting moments and normal moments write
Bm;n ¼ BSm;nþBTm;nþBNm;n; Bm;n ¼ BSm;nþBTm;nþBNm;n: (22)
The aim is therefore to use (20) in order to choose each of the coefficients in (22) so that the associated contribution from
the incident field is nullified in C.
3.2. General form of coefficients and requisite form of cloaked domain C
In order to evaluate the integrals in convenient form, use the first of each of (9) and (10) with ℓ¼ 0 to rewrite Green's
function, for jyxmjo jxxmj as
GðyxÞ ¼ γ
X1
n ¼ 1
Un ðyxmÞV þn ðxxmÞþU n ðyxmÞVþn ðxxmÞ
 
(23)
where γ is defined in (14). Combining (5) with (22) in (20) and using the form of Green's function (23) and incident field
expansion (4) in the integrals of (20) it may straightforwardly be shown that the integrals can be written in the forms
fIS; IT ; INgðxÞ ¼ 
XM
m ¼ 1
X1
n ¼ 1
fBSm;n;BTm;n;BNm;ngV þn ðxxmÞ

þfBSm;n;BTm;n;BNm;ngVþn ðxxmÞ

(24)
where the bracket notation indicates that for example
ISðxÞ ¼ 
XM
m ¼ 1
X1
n ¼ 1
BSm;nV
þ
n ðxxmÞþBSm;nVþn ðxxmÞ
 
; (25)
a notation that clearly permits great conciseness.
The coefficients associated with the shear term are
fBSm;n;BSm;ng ¼ γ
Z
∂Cm
~qðyÞfUn ;U n gðyxmÞ
 þDk2 ~wðyÞn ∇yfUn ;U n gðyxmÞi dSy (26)
where it is noted that the integrals are now around the arcs ∂Cm as depicted in Fig. 2. These are oriented in the opposite
manner to ∂C and hence a change in sign has been incorporated into the coefficients. This aspect also indicates the form of
the cloaked region C as shall be described shortly. The change in sign in the last of (26) arises due to the use of
∇2yU

n ¼ k2Un and ∇2yU n ¼ k2U n therein.
Using t  n¼ 0 in the twist term yields
fBTm;n;BTm;ng ¼ γ
Z
∂Cm
Dð1νÞ ~ϕT ðyÞ n ∇yðt ∇yfUn ;U n gðyxmÞÞ
  þ ~mT ðyÞ t ∇yfUn ;U n gðyxmÞ  dSy: (27)
Finally the normal moment contributions, using n  n¼ 1, are
fBNm;n;BNm;ng ¼ γ
Z
∂Cm
~mNðyÞn  ∇yfUn ;U n gðyxmÞ dSyγ
Z
∂Cm
~ϕNðyÞDð1νÞn ∇yðn  ∇yfUn ;U n gðyxmÞÞ dSy
γ
Z
∂Cm
~ϕNðyÞνDk2fUn ;U n gðyxmÞ dSy (28)
where again the change in sign in the middle term on the right-hand side arises from the use of the governing equations.
The integral form of the active scattering coefficients (26)–(28) must hold for all m and therefore the cloaked region C is
exactly the subdomain of D in which Graf's theorem can be simultaneously invoked for all of the M active sources. As such C
must be the regionwith boundary ∂C as the closed concave union of circular arcs defined by fam;θð1Þm ;θð2Þm gwhich are denoted
Cm and are depicted in Fig. 2.
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explicit form for these coefficients has been derived in terms of integrals of the incident field over contours is of great utility.
As will now be shown a general form for these coefficients can be derived and then more specific forms can be determined
for given incident fields such as plane wave and point source incidence.
Introducing the notation
αm ¼ kam; (29)
the shear coefficients (26) become
fBSm;n;BSm;ng ¼ γkDαmfJnðαmÞ; InðαmÞg
Z θð2Þm
θð1Þm
n ∇y ~wðyÞe inθ dθþγk2Dαmf J0nðαmÞ; I0nðαmÞg
Z θð2Þm
θð1Þm
~wðyÞe inθ dθ: (30)
The twisting and normal moment coefficients (27) and (28) are
fBTm;n;BTm;ng ¼ inγ fJnðαmÞ; InðαmÞg
Z θð2Þm
θð1Þm
~mT ðyÞe inθ dθ
 
þD 1νð Þk J0n αmð Þ
JnðαmÞ
αm
; I0n αmð Þ
InðαmÞ
αm
 	Z θð2Þm
θð1Þm
~ϕT ðyÞe inθ dθ
!
(31)
and
fBNm;n;BNm;ng ¼ γαm fJ0nðαmÞ; I0nðαmÞg
Z θð2Þm
θð1Þm
~mNðyÞe inθ dθ
 
þDk ð1νÞfJ″nðαmÞ; I″nðαmÞgþνf JnðαmÞ; InðαmÞg
 Z θð2Þm
θð1Þm
~ϕNðyÞe inθ dθ
!
: (32)
Finally a check has to be made that the active source field vanishes in some region away from the cloaked region. Note
that the Rayleigh–Green theorem holds for all x. However Graf's addition theorem has been used and therefore, rigorously
speaking, the specified expressions are available only for x in the region R2=[ i ¼ 1 .. nDi with Di ¼ fxAR2; jxxijg. This
latter region is therefore C [ R as defined in Fig. 2. As was first observed for xAC, the active field therefore cancels the
incoming wave due to the Rayleigh–Green theorem (15). On the other hand if xAR then x is not in the domain bounded by
∂C corresponding to the integration domain and the Rayleigh–Green theorem ensures that the integral (15) is zero.
Therefore the active source field is zero in the far-field regionR. It is not possible to comment on the field close to the source
regions because Graf's addition theorem has been used here. One can say only that as the number of multipole sources
increases the field diverges inside these source regions, see Section 3.5 for brief further discussion on this point.
To conclude, given a specific incident field ~w, an active cloak is constructed by first choosing the number MZ3 of active
sources and their locations. The active field then takes the form (5) where the source amplitudes are given by (22) and
where for convenience the contributions are separated into contributions given by (30)–(32) which can be evaluated
straightforwardly. This is now done for two specific cases of interest, plane wave incidence and point source incidence.3.3. Plane wave incidence
Consider an incident plane-wave of unit amplitude in the direction ψ,
~wðxÞ ¼wψ ðxÞ ¼ eike^ðψ Þx (33)
where it is recalled that e^ðψ Þ ¼ ð cosψ ; sinψ Þ is a unit direction vector. This means that it is possible to write
~wðyÞ ¼ ~wðxmÞ ~wðamÞ for yA∂Cm, where am ¼ ame^ðθÞ. For ease of reading the details of the calculations are not developed
here; the reader is referred to the Appendix. It transpires that the source coefficients are
fBSm;n;BSm;ng ¼
i
8
αmwψ xmð Þ fJnðαmÞ; InðαmÞgL01mnðαmÞ
h
þf J0nðαmÞ; I0nðαmÞgL00mnðαmÞ
i
; (34)
fBTm;n;BTm;ng ¼ 
i
8
1νð Þnwψ xmð Þ fJnðαmÞ; InðαmÞgL11mnðαmÞ
h
þ JnðαmÞ
αm
 J0n αmð Þ;
InðαmÞ
αm
 I0n αmð Þ
 	
L10mn αmð Þ


; (35)
fBNm;n;BNm;ng ¼ fνBSm;n; νBSm;ng
i
8
1νð Þαmwψ xmð Þ fJ″nðαmÞ; I″nðαmÞgL01mnðαmÞþfJ0nðαmÞ; I0nðαmÞgL02mnðαmÞ
h i
(36)
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LijmnðαmÞ ¼ ij
Z θð2Þm ψ
θð1Þm ψ
sin iθ cos jθei½αm cosθnðθþψ Þ dθ: (37)
Explicit expressions for these integrals are given in the Appendix.
3.4. Point source incident field
Consider now that a point source, located at x¼ xsAR generates the incident wave and suppose that it is sufficiently far
away from the domain of scatterers that any contribution to the incident field from the evanescent terms is negligible. That
is, take An ¼ 0 for all n. The incident field can therefore be represented in the general form
~wðyÞ ¼
X1
ℓ ¼ 1
AℓV
þ
ℓ ðyxsÞ: (38)
Furthermore since xsAR, for every mAf1;2;…;Mg it is clear that amo jxsxmj. Therefore Graf's theorem is applied to
deduce that for y¼ xmþamA∂Cm
~wðyÞ ¼
X1
n ¼ 1
~AnU
þ
n ðamÞ with ~An ¼
X1
ℓ ¼ 1
Aℓð1ÞnℓV nℓðxmxsÞ: (39)
As in the theory developed in [15] the general active field for the point source incident wave may be derived simply by
exploiting linearity, integrating the source coefficients for plane wave incidence (34)–(36) with respect to ψ and using the
expression
in
2π
Z 2π
0
dψ wψ xð Þeinψ ¼ Uþn xð Þ: (40)
This gives
wdðxÞ ¼
XM
m ¼ 1
X1
n;p ¼ 1
ðBSm;npþBTm;npþBNm;npÞV þn ðxxmÞ (41)
where
fBSm;np;BTm;np;BNm;npg ¼ ~Ap
ip
2π
Z 2π
0
fBSm;n;BTm;n;BNm;ngeipψ dψ : (42)
3.5. Divergence of the active field summation
As was noted in Section 3.6 of [16], the infinite sum expression for the active source fields defined by (5) with source
amplitudes (26)–(28) is formally valid only in jxxmj4am. That is, the expression is not itself valid in the domains Dm in
which the sources reside! A valid form could be obtained by using the alternative version of Graf's addition theorem in the
domain Dm associated with the arc ∂Cm but with use of the usual form of Graf in the domain Am, associated with all other
∂Cn;nam. We would then be assured that the active field is zero everywhere outside C. However if this was done, the mth
source would not be present in the domain Dm since the active field would be bounded by construction.
Active cloaking for flexural waves via the method proposed above therefore requires that the expression (5) with source
amplitudes given by Eqs. (22), (34)–(36) is employed for the active field everywhere but a finite number of terms must be
taken in the multipole expansion in order to ensure that it does not diverge. The source amplitudes that appear in the
infinite sum are used as motivation for the choice of source amplitudes that should be chosen in an active field that contains
only a finite number of multipoles. This ensures a finite (but large) field inside the source regions. As noted before this issue
was discussed in [21]. With a finite multipole sum for the active field therefore, perfect cloaking is not achieved but
wðxÞ 
0; xAC;
wiðxÞ; xAR:
(
(43)
The field is large (but finite) inside the domain [ i ¼ 1‥nDi. Finally note that a straightforward truncation of the active field
may not be optimal in terms of cloaking and ensuring a non-radiating field.
4. Necessary and sufﬁcient conditions on source amplitudes for active cloaking
Without loss of generality suppose that the origin of the coordinate system is located inside the cloaked region C and
therefore amo jxmj. As such the following theorems can then be stated regarding conditions on the source amplitudes.
Fig. 4. Typical configuration used for numerical implementation of the scheme, in this case for eight active sources.
Fig. 5. The total field with 4 active sources, angle of incidence ψ ¼ π=8, wavenumber kr¼5 and N¼50. Since values in the source regions can become
extremely large compared with the incident field, the source regions are simply shown in red here. (For interpretation of the references to colour in this
figure caption, the reader is referred to the web version of this paper.)
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8nAZ:
XM
m ¼ 1
X1
ℓ ¼ 1
Bm;ℓ U

nℓðxmÞ ¼ 0;
Bm;ℓ U nℓðxmÞ ¼ 0
(
(44)
whilst only the first of these is necessary, as shall now be proved.
Fig. 6. With kr¼5 and N¼50, plots of (a) the absolute value of the total field jwj along x¼y and (b) the total field w at y¼0.1 with a log scale for clarity.
Fig. 7. With kr¼10 and M¼4, (a) surface plot of w with N¼5, (b) plot of w along the line x¼y with N¼5, (c) surface plot of w with N¼10 and (d) plot of w
along the line x¼y with N¼10. One can see that the effect of doubling the number of multipoles is to ensure a much greater cloaking effect as well as
ensuring that the field exterior is the pure incident field.
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wdðxÞ to be written in an appropriate form in the far field, i.e.
wdðxÞ ¼
X1
n ¼ 1
FnV
þ
n ðxÞþFnVþn ðxÞ
 
: (45)
This expression applies for jxj4maxðjxmþamjÞ where
Fn ¼
XM
m ¼ 1
X1
ℓ ¼ 1
Bm;ℓ U

nℓðxmÞ; F n ¼
XM
m ¼ 1
X1
ℓ ¼ 1
Bm;ℓ;U nℓðxmÞ: (46)
The sufficiency of (44) follows immediately by substituting these forms into the right-hand sides of (46), giving zero
radiated field from the active sources, Fn¼0 and Fn ¼ 0.
As regards necessity, first assume that wd does not radiate energy into the far field in R. Writing θ¼ argx, the far-field
form of wdðxÞ is
wd xð Þ ¼ f θ
  eikjxj
ðkjxjÞ1=2
þg θ  ekjxj
ðkjxjÞ1=2
þO ðkjxjÞ3=2
 
(47)
where
f ðθÞ; gðθÞ ¼ X1
n ¼ 1
f n; gn
 
einθ ; f n; gn
 ¼ 2
π
 1=2
iðnþ1=2ÞFn; iF n
n o
: (48)
The power radiated into the far field only involves f ðθÞ and not gðθÞ and therefore although Fn¼0 is required for all n (which
therefore dictates the necessity of the first of (44)), F n ¼ 0 is not a necessary condition due to the exponential decay of the
evanescent terms.
Theorem 2. Necessary and sufficient conditions on the source coefficients to ensure that the incident wave is cancelled in the
near-field (cloak) domain C are
8nAZ:
XM
m ¼ 1
X1
ℓ ¼ 1
Bm;ℓ V

nℓðxmÞ ¼ An;
ð1ÞℓBm;ℓ VnℓðxmÞ ¼ An:
(
(49)
Assume that the source coefficients satisfy (49). With xAC, the near field, then jxjominðjxmamjÞ and the second of Graf's
addition theorems (9) and (10) are used to write the near-field form as
wdðxÞ ¼
X1
n ¼ 1
EnU
þ
n ðxÞþEnU þn ðxÞ
 
; (50)
where
En ¼
XM
m ¼ 1
X1
l ¼ 1
Bm;lV

n lðxmÞ; En ¼
XM
m ¼ 1
X1
l ¼ 1
ð1ÞℓBm;lVn lðxmÞ: (51)
Next use the forms (49) which therefore gives AnþEn ¼ 0 and AnþEn ¼ 0, the total field is nullified in the cloaked region.
As for necessity, assume that ~wþwd ¼ 0 in C. With xAC the form for the active field is as in (50). Combining this with the
general form for the incident field stated in (4) and setting ~wþwd ¼ 0 means that (49) is required to hold due to the linear
independence of UnðxÞ and UnðxÞ.5. Implementation and speciﬁc examples
5.1. Active source configuration
We illustrate the result for plane wave incidence on configurations of the type shown in Fig. 4. The M sources are
symmetrically located on a circle. Thus for mAf1;…Mg
am ¼ a; jxmj ¼ r; ϕm ¼ m1ð Þϕ0 with ϕ0 ¼
2π
M
;
G. Futhazar et al. / Journal of Sound and Vibration 356 (2015) 1–1912and by necessity a¼ r sin ðπ=MÞ. By symmetry the circular arcs all have the same angular extent whose angles are defined by
θðmÞ1;2 ¼ πþϕm8
π
2
 π
M
 : (52)
Note that the cloaked region C can be formed by a minimum of three sources. A configuration with M¼8 is shown in Fig. 4.
5.2. Analysis of the total field
Consider unit amplitude plane-wave incidence from an angle ψ ¼ π=8 and without loss of generality take r¼1 with
configurations of active sources of the type described in Section 5.1. Several examples will be considered in order to
illustrate the extent of the cloaking effect.
Most fundamentally the true active source field (5) cannot be employed in practice because there will be a limitation on
the number of modes that can be employed. Indeed, traditional anti-vibration techniques struggle to go beyond dipoles, for
example. As such define the field
wappd ðxÞ ¼
XM
m ¼ 1
XN
n ¼ N
Bm;nV
þ
n ðxxmÞþBm;nVþn ðxxmÞ
 
; (53)Fig. 8. With kr¼10 andM¼12, (a) surface plot of w with N¼1, i.e. only monopole and dipole sources (b) plot of w along the line x¼y with N¼1, (c) surface
plot of w with N¼2 and (d) plot of w along the line x¼y with N¼2. One can see that having a large number of sources means that far less multipoles are
required. The additional n¼ 72 mode appears to have a significant effect in terms of ensuring that the total field is close to zero in C.
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value of the parameter kr.
First consider the case when four active sources are employed with kr¼5 and N¼50, i.e. a large expansion of multipoles,
for which it is expected that the cloaking effect should be excellent. A surface plot of the (real part of the) total field is
plotted in Fig. 5 where it is clearly seen that the incident wave is undisturbed outside the exterior region R. In the source
regions the field is somewhat erratic and often large, as a result of the formal divergence of the field in this region as N
becomes large as discussed in Section 3.5 and therefore a constant value of jwj ¼ 2 has been plotted in those regions for
clarity in order to emphasize the field outside these domains; source regions will be discussed again shortly. From the figure
it is clearly seen that the total field is nullified in the cloaked region C, the region bounded by the inner arcs of the source
domains. Fig. 6 illustrates this behaviour further. In (a) the total field is plotted along the line x¼y and indicates that the
total field is zero in the inner region C. A sudden transition to the incident field outside C, i.e. in R is clearly visible. In (b) the
absolute value of the field is plotted along the line y¼0.1, using a log scale for jwj in order to illustrate the size of the field
inside the source regions. It should be noted that jwj ¼ j ~wj ¼ 1 in the region exterior to the source regions and jwj  0 in the
inner cloaked region, an approximation that would be further improved for a larger value of N.
The ability to generate multipole sources up to N¼50 in reality is clearly questionable and therefore in Fig. 7 lower values
of truncation are used, N¼5 and N¼10 in the case when kr¼10, i.e. at higher frequency. The footprint of the source region is
clearly seen to be reduced significantly as compared with the N¼50 case. Reducing the number of modes clearly gives a less
beneficial cloaking effect. If N is to be reduced further then for the cloaking effect to remain significant it is clear that a larger
number of active sources must be employed. This effect is studied in Fig. 8 where twelve sources are used in the case whenFig. 9. Absolute values of the far-field coefficients, jFappn j (top) and jF appn j (bottom) with kr¼1, red/solid: N¼5, blue/dashed: N¼10, black/dotted: N¼15. (a)
M ¼ 3, (b) M ¼ 6, (c) M ¼ 3 and (d) M ¼ 6. (For interpretation of the references to colour in this figure caption, the reader is referred to the web version of
this paper.)
G. Futhazar et al. / Journal of Sound and Vibration 356 (2015) 1–1914kr¼5. In (a) and (b) the simple case of N¼1 is taken whereas in (c) and (d) N¼2. It is notable that the cloaking effect is
rather good in the case N¼2, so that the number of sources compensates for the lack of modes, as should be expected.5.3. Near- and far-field modal amplitudes
It has been shown schematically that the cloaking effect can be achieved in a fairly simple manner by either choosing a
small number of sources with N large or a large number of sources with N small, the latter perhaps being the most practical
to perform. It is clearly seen that the active sources are non-radiating and the total field in the cloaked domain C is negligible
for appropriate combinations of M and N. Here the efficiency of the cloaking mechanism is considered by focusing on what
are termed the far-field (Fn;F n) and near-field (En; En) coefficients defined in (46) and (51) respectively.
If all terms in the active field (5) and therefore in the infinite sums in equations (44) are included then the far field is
exactly zero and the incident wave is fully cancelled by the active sources. In practice, as in (53) these sums must be
truncated at order N, limiting the order of multipole sources, so that the associated far-fields and near-fields associated with
the active sources wd are approximated by
8nAZ:
XM
m ¼ 1
XN
l ¼ N
Bm;lV

n lðxmÞ ¼ Eappn ;
Bm;lVn lðxmÞ ¼ Eappn ;
Bm;lU

n lðxmÞ ¼ Fappn ;
Bm;lU n lðxmÞ ¼F appn :
8>><
>>:
(54)Fig. 10. Absolute values of the near-field coefficients, jAappn þEappn j (top) and jAappn þEappn j (bottom) with kr¼5, red/solid: N¼20, blue/long dashed: N¼40,
black/solid: N¼60, green/dot-dashed: N¼80, magenta/short dashed: N¼100. (a) M ¼ 4, (b) M ¼ 8, (c) M ¼ 4 and (d) M ¼ 8. (For interpretation of the
references to colour in this figure caption, the reader is referred to the web version of this paper.)
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the cloaking strategy relies upon the subsequent choice of M, N. As such, in order to assess the efficiency of the cloaking the
far- and near-fields are examined as functions of these parameters.
As has been proven in the theorems in Section 4, it is necessary and sufficient that for each n,
fFappn ; F appn ; Eappn þAn; Eappn þAng-0 as N-1; (55)
noting that for plane-wave incidence,
An ¼ ine inψ ; An ¼ 0: (56)
Consider first the far-field conditions. In Fig. 9 the coefficients jFappn j and jF appn j are plotted for each nAf10;…;10g forM¼3
(left) and M¼6 (right) with kr¼1 and each curve is associated with a different truncation N. As should be expected, as both
M and N are increased the effect of cloaking is improved. It is notable that when N is relatively small (e.g. N¼5) even a
modest number of sources achieves weak far-field scattering associated with the active field (considering that the incident
field is of unit amplitude). The convergence of the far-field coefficients to zero as N increases is rapid as can be seen and
furthermore the effect is fairly uniform for any value of n.
Turning now to the near-field cloaking effect, a number of results are illustrated in Figs. 10–12. Each curve in Fig. 10 is
associated with a different truncation value N, highlighting the effect of varying N on the coefficients jAappn þEappn j and
jAappn þEappn j at a fixed value of kr¼5 for M¼4 (left) and M¼8 (right). The comparative effect of varying the number of
sources M is shown in Fig. 11 for a fixed value N¼100 with kr¼5 (left) and kr¼10 (right). Finally, Fig. 12 compares the near-
field coefficients as a function of kr with fixed N¼100 and for M¼3 (left) and M¼6 (right).Fig. 11. Absolute values of the near-field coefficients, jAappn þEappn j (top) and jAappn þEappn j (bottom), with N¼100 and kr¼5 (left) and kr¼10 (right), red/solid:
M¼3, blue/long dashed: M¼5, black/solid: M¼7. (a) kr ¼ 5, (b) kr ¼ 10, (c) kr ¼ 5 and (d) kr ¼ 10. (For interpretation of the references to colour in this
figure caption, the reader is referred to the web version of this paper.)
Fig. 12. Absolute values of the near-field coefficients, jAappn þEappn j (top) and jAappn þEappn j (bottom), with N¼100 and M¼3 (left) and M¼6 (right), red/solid:
kr¼5, blue/long dashed: kr¼10, black/solid: kr¼15, green/dot-dashed: kr¼20. (a) M ¼ 3, (b) M ¼ 6, (c) M ¼ 3 and (d) M ¼ 6. (For interpretation of the
references to colour in this figure caption, the reader is referred to the web version of this paper.)
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increase in magnitude with jnjrN which is not the case for the far-field coefficients. In particular, the magnitude of the near-field
coefficients can assume huge values for large jnj, values which decrease as N, M, kr are increased. However, it should be borne in
mind that the relatively high values of jEappn þAnj and jEappn þAnj do not mean that the incoming wave is not cancelled nor that the
total field is divergent for smaller N. The coefficients jEappn þAnj and jEappn þAnj are respectively multiplied by JnðkjxjÞ and InðkjxjÞ for
xAC thus for small kjxj and fixed n the limiting forms fJnðkjxjÞ; InðkjxjÞg  kjxj=2
 n
=ðn!Þ more than compensate for the large
values of jEappn þAnj and jEappn þAnj and ensure a reasonable cloaking effect as has already been illustrated qualitatively.
Secondly, it is noted that the near-field effect of cloaking is improved as both M and N are increased, as should be
expected and as observed for the far-field coefficients. Fig. 12 indicates that cloaking also improves as kr is increased for
fixed values of M, N.
6. Conclusions
The method proposed here gives, in principle, an explicit and precise procedure for cancelling a known incident flexural
wave over a finite region of the infinite plate. For plane wave incidence Eqs. (5), (22) and (34)–(36) define the amplitudes of
the MZ3 sources in terms of the incident wave for arbitrary non-dimensional frequency kr and direction of incidence. The
analogous amplitudes for point source incidence are discussed (see Eqs. (41), (42)) and it is evident that arbitrary incident
flexural wave fields can be accommodated by superposition of these elementary solutions. The active cloaking strategy is
based on an expansion of the incident field in cylindrical waves, allowing the source field to be evaluated to any degree of
G. Futhazar et al. / Journal of Sound and Vibration 356 (2015) 1–19 17accuracy by increasing the order of truncation N associated with the number of modes of the sources. Simultaneously the
active field is non-radiating because it has been shown that it vanishes identically outside a region R.
The field cancellation method can be viewed as an inverse problem of finding the source amplitudes required for a given
incident wave. Numerical simulations have explored the sensitivity of the derived unique solution to the inverse problem
posed. The error associated with an order of truncation N has been studied in some specific scenarios. For both the near- and
far-field amplitudes it was shown that the error decreases as N and M increase and as k increases.
In principal the ideas here could be applied to a finite plate with forcing in the time domain, requiring measurements of the
incident field at some distance from the cloak region which are then fed back to the active sources in order that they respond
accordingly. The solution of the inverse problem is obviously more complicated, but is expected to be unique in the same sense
as that derived here. Progress on the finite plate solution requires knowledge of Green's function for flexural vibration in the
finite domain, which can be found for specific geometries. However, more realistic structures must account for three dimensional
geometry, mode conversion and attenuation [28]. The question of practicality remains open and limitations should be noted
associated with the active approach. The sources must be invisible to the incident waves. In practice they themselves would
scatter the incident field. Furthermore here it has also been assumed that the Kirchhoff theory holds. In practice a higher-order
version of plate theory may be required to properly model the source fields. While Kirchhoff plate theory properly accounts for
monopole, i.e. normal force sources, it does not include the effects of localized applied moments [29], which are crucial for
modelling multipole sources, whatever their mechanical genesis. Practical implementation must consider the power input into
the plate or system by both the desired primary sources and the active secondary sources. Strategies for minimizing the total
power in such systems [30] could be useful to consider in conjunction with the present approach.
While the present solution offers, in principle, an exact solution for active cancellation, it depends on exact knowledge of the
incident flexural wave field. Limited measurement accuracy must be taken into account in assessing the implementation of active
cloaking. Inevitably, the simultaneous constraints of measurement and source fidelity, e.g. number of multipoles, must be balanced.
Whatever the outcome, the exact solution of the active cloaking problem given here provides a metric for optimal resolution.Acknowledgements
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Assuming that the incident wave is a plane-wave of unit amplitude as defined in (33) it follows that with
y¼ xmþamA∂Cm, the normal derivative of the displacement is
n ∇y ~wðyÞ ¼ ikwψ ðxmÞ cos ðθψ Þeiαm cos ðθψ Þ: (A.1)
Recalling the definition of LijmnðαmÞ in (37) it is then straightforward to show thatZ θð2Þm
θð1Þm
~wðyÞe inθ dθ¼wψ ðxmÞL00mnðαmÞ; (A.2)
Z θð2Þm
θð1Þm
n  ∇y ~wðyÞe inθ dθ¼ kwψ ðxmÞL01mnðαmÞ: (A.3)
Noting that ~ϕNðyÞ ¼ n ∇y ~wðyÞ, Eq. (A.3) becomesZ θð2Þm
θð1Þm
~ϕNðyÞe inθ dθ¼ kwψ ðxmÞL01mnðαmÞ: (A.4)
Furthermore
~ϕT ðyÞ ¼ t  ∇y ~wðyÞ ¼  ikwψ ðxmÞ sin ðθψ Þeiαm cos ðθψ Þ (A.5)
which yields the result dual to (A.4),
Z θð2Þm
θð1Þm
~ϕT ðyÞe inθ dθ¼  ikwψ ðxmÞL10mnðαmÞ: (A.6)
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~mNðyÞ  ~mijðyÞninj ¼ D½ð1νÞ ~w ;ijðyÞninjþν∇2y ~wðyÞ
¼Dk2wψ ðxmÞ½ð1νÞ cos 2ðθψ Þþνeiαm cos ðθψ Þ (A.7)
where the identity ∇2 ~w ¼ k2 ~w has been used. Similarly, the tangential moment is
~mT ðyÞ ¼m;ijðyÞnitj ¼ D½ð1νÞ ~w ;ijðyÞnitj
¼ Dk2ð1νÞwψ ðxmÞ sin ðθψ Þ cos ðθψ Þeiαm cos ðθψ Þ: (A.8)
Hence, performing the explicit integration givesZ θð2Þm
θð1Þm
~mNðyÞe inθ dθ¼ Dk2wψ ðxmÞðð1νÞL02mnðαmÞþνL00mnðαmÞÞ;
Z θð2Þm
θð1Þm
~mT ðyÞe inθ dθ¼ iDk2ð1νÞwψ ðxmÞL11mnðαmÞ: (A.9)
These calculations thus provide explicit formulae for the source amplitudes, i.e. (34)–(36). Explicit expressions for the
quantities Lijmn are given in the next Appendix.
Appendix B. Evaluation of the integrals deﬁned in (37)
The required quantities Lijmn defined in (37) are determined as follows. Using the Jacobi–Anger identity in the same way as
in [15] yields
L00mnðαmÞ ¼ ine inψ
X1
ℓ ¼ 1
JℓnðαmÞFðmÞℓ ðψ Þ (B.1)
where
FðmÞℓ ψ
 ¼ i
ℓþ1
ℓ
eiℓψ e iℓθ
ð2Þ
m e iℓθð1Þm
 
; ℓa0;
θð2Þm θð1Þm ; ℓ¼ 0:
8><
>: (B.2)
On noting that ∂
jL00mnðαÞ
∂αj ¼ L
0j
mn αð Þ it is readily shown that
L0jmnðαmÞ ¼ ine inψ
X1
ℓ ¼ 1
JðjÞℓnðαmÞFðmÞℓ ðψ Þ (B.3)
where JðjÞp ðαmÞ denotes the jth derivative of the Bessel function of order p with respect to its argument αm.
Integration by parts yields explicit expressions for L10mn and L
11
mn,
L10mn αmð Þ ¼
Z θð2Þm ψ
θð1Þm ψ
sin θ ei½αm cosθnðθþψ Þ dθ
¼ i
αm
ei½αm cosθnðθþψ Þ
h iθð2Þm ψ
θð1Þm ψ
 n
αm
L00mn αmð Þ; (B.4)
L11mn αmð Þ ¼ i
Z θð2Þm ψ
θð1Þm ψ
sin θ cosθ ei½αm cosθnðθþψ Þ dθ
¼  1
αm
cosθei½αm cosθnðθþψ Þ
h iθð2Þm ψ
θð1Þm ψ
þL10mnðαmÞþnL01mnðαmÞ
 !
: (B.5)
Finally, the expression for L20mn follows as
L20mnðαmÞ ¼
Z θð2Þm ψ
θð1Þm ψ
sin 2θ ei½αm cosθnðθþψ Þ dθ¼ L00mnðαmÞþL02mnðαmÞ: (B.6)
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